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Abstract

In this paper, we discuss some upper bounds for the spectral radius of block Hadamard
product of block H-matrices. By using norm structure of block matrices, we establish esti-

mations for the spectral radius.
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1 Introduction

Spectral radius of matrices and H-matrices are used in many fields such as numerical analysis, control
theory, mathematical physics, image and signal processing. In recent years, there are many studies on
bounds for the eigenvalues and spectral radius of matrices [2, 13} 14} 5! 8, 9, [10} [12]]. Particularly, these
papers are interested in the upper and lower bounds for the spectral radius of Hadamard product of
nonnegative or positive semidefinite matrices. In this paper, we investigate bounds for the spectral radius

of block Hadamard product of two block H-matrices.
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For a positive integer n, the set of all n x n complex (or real) matrices is denoted by C"**" (or R"*")
throughout the paper. Let A = (g;;) and B = (b;;) be two real n x n matrices. Then A > B(> B) if
ajj > bij(> by;) for all i,j € {1,...,n}. If A > 0(> 0), we say A is nonnegative (positive) matrix. The
spectral radius of A is denoted by p(A). If A is a nonnegative matrix, then p(A) € o(A), by the Perron-
Frobenius theorem, where ¢ (A) is the spectrum of A.

A matrix A € C"™" is said to be reducible if there exists a permutation matrix P such that

Prap— (5 €
~\o p)’

where B and D are square matrices of order at least one. If A is not reducible, then it is called irreducible.
We note that any 1 x 1 complex matrix is irreducible. For an irreducible nonnegative matrix A, there
exists a positive vector u such that Au = pu where u is called right Perron eigenvector of A.

A matrix A € C"™*" is Hermitian if A* = A where A* is the conjugate transpose of A. A Hermitian
matrix A is said to be positive definite (positive semidefinite) if x*Ax > 0 (x*Ax > 0) for all nonzero
xeC.

Let A = (4;;) € C"" be a block matrix partitioned into p x p blocks in the following form,

Ay A - Ay

Ay Ap - Ay
A = . . .

Apt Apy o App,

in which A;; € C"" and le.’:l n; = n. If each diagonal block A;; is nonsingular and
A7 > Y Ayl foralli=1,2,...,p,
J#
then A is said to be block strictly diagonally dominant with respect to || - ||. If there exits xj,x7,...,x, >0

such that

xill AT > YoxglAl foralli=1,2,...,p,
J#
then A is said to be a block H-matrix.
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Let A = (A;;) € C*" and B = (B;;) € C"™" for A;j, B;j € C"" and Y?_, n; = n. Then the block
Hadamard product of A and B is defined by AOB = (A;;B;;). If A and B are both positive semidefinite
(or both positive definite) then ACB is positive semidefinite (or positive definite, respectively) [6].

The block Kronecker product of A and B is defined by AXB = (AB; j){j"'“” where AB;; is the

Two matrices A and B are called block commuting if every block of A commutes with every block of
B.
Throughout the paper, a block matrix we consider is p X p and each block is a matrix in C" for

p
Z”i = n. We call each block of a matrix A as an entry of A; i.e., ij’th entry of A is A;;. Taking matrix
i=1

norm of each entry of A, we define A = (||A;;||) where |- || is a consistent matrix norm such as Frobenius
norm || - ||r, 1-norm || - ||; and eo-norm || - ||<o.
2 Lemmas

In this section, we shall give some lemmas we use throughout.

Lemma 2.1. [7] If A is an n X n irreducible nonnegative matrix and Az < kz for a nonnegative nonzero

vector z, then p(A) < k.

Lemma 2.2. [1] Let A be an n X n nonnegative matrix. Then either A is irreducible or there exists a

permutation P such that

Ay Ap - Agp
Ay - Ay
PTAP = 7
Ay
and each A; is irreducible, i =1,..., p.

Lemma 2.3. [1] Let A be a nonnegative matrix and A, be a principal submatrix of A. Then p(Aq) <

p(A). If A is irreducible and Ag # A, p(Ag) < p(A).
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Lemma 2.4. [12] Let A = (A; j) be a block p X p matrix where A;; are nonnegative n; x n; matrices. If

A = (||A;j||) then p(A) < p(A) where || - || is a consistent matrix norm.

Lemma 2.5. [11]] Let A = (a;;) be a nonnegative matrix. Then

1 1/2
p(A) < maxi{au +aji+ [(ai—aj;)* +4Y aw Y ajl] / }
i#] ik
Lemma 2.6. [7] Let A and B be n x n matrices and D and E be diagonal n X n matrices. Then

D(AoB)E = (DAE)oB = (DA) o (BE) = (AE) o (DB) = Ao (DBE).

By [4] and [[11], we have following results on the upper bound of spectral radius of Hadamard product

of two matrices.

Lemma 2.7. If A and B are two nonnegative matrices, then
(i) p(AoB) < max {2a;ibi;+p(A)p(B) — aiip(B) — biip(A) },
(i) p(AoB) < max % {aﬁbﬁ +ajjbj;+ [(diibu‘ —ajbj;)?
i#]
1/2
F4(p() ~an) ((B)~ 1) (p() ~ay) p(B)—137)] .

3 Main Results

It is known that for the Hadamard product of two nonnegative n x n matrices A and B, we have p(AoB) <
p(A)p(B). It is natural to ask whether the same is valid for the block Hadamard product. The answer to

the question is negative in view of the following example.
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Example 3.1. Consider the following two nonnegative 2 x 2 block matrices A and B.

3 1 0 1 1 0 1 0

r 2 = 1 1 1 1 0 1
A= ... ... . .. and B=

1 1 2 2 0 0 1 0

1 2 1 3 1 0 1 1

Then p(A) =5.7669, p(B) =1 and p(ADB) = 7.1875, but
P(ATB) > p(4)p(B).

Below we show that the upper bound holds for positive (semi)definite matrices.

Theorem 3.1. Let A and B be positive semidefinite and block commuting matrices. Then

p(ADB) < p(A)p(B). (3.1)

Proof. First note that AX B is a positive semidefinite matrix and ACB is a principal submatrix of AKX
B. This implies that p(ACB) < p(AXB) by Lemma Then since Amax(AXB) < Anax(AB) by
Proposition 2.11 in [6], we get p(AXB) < p(AB). Using the fact that p(AB) < p(A)p(B) for positive

semidefinite matrices, we obtain the result. ]

As it is obvious, this bound is restrictive. In general, we get similar upper bounds for the spectral
radius of block Hadamard product of any two matrices to the results related to Hadamard product in [4]]
and [[11].

Let A = (||A;;||) and B = (||B;;||). We note that by Lemma we have

p(ATB) = p((4;8;)) < p((I4iByll) ) < p ((I4iillIB; 1)) = p(AoB). (3.2)

Then the followings are straightforward by Lemma[2.7]
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Theorem 3.2. Let A = (4;;) and B = (B;;) are p x p block matrices. Then
(1) p(ATB) < max {24 Bl + p(R)p (B) | Aallp (B) — | Ballp(A) }.
1
@p(A0B) < max 118l + 151851+ (1Al 3l 1501352

- . - . 1/2
+4(p() 431D P ()~ 1Bl (p(A) - 1430 )~ 1B,1D] .
Now, we give some upper bounds for the spectral radius of block Hadamard product of block H-

matrices.

Theorem 3.3. Let A = (4;;) and B = (B;;) be block H-matrices. Then,
p(ACB) < max{]|A ||| Ball + 45|~ 1B~} (3.3)

Proof. Since A and B are block H-matrices, there exists positive numbers uy,...,u, and vi,...,v, such

that
wi|| A > ZMjHAin for all i, (3.4)
J#
vil B 17t > Y vjlIByjl| forall i, (3.5)
J#i

Let A = (||A;j||) and B = (||B;j||), and w = uov. Then forany i = 1,...,p,

((A OB)W)i = ||Aulll|Bii|lwi + Z [[Aij[[Bijl[w;

i
< NAillllBiillwi+ Y 1 Aijllu; Y 11Bijllv;
i i

< il l1Billwi + 1A |~ wal | B~ v
= (lAall Bl + Az 1= 1B I~ wi.
If A o B is irreducible, by (3.2)) and Lemma we have

p(ACB) < p(AoB) < max{|[AullllBall+ |4z [~ 1B;'I "}
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If Ao B is reducible, let T = (t;j) be an p x p permutation matrix withtjp =t)3 =---=1,_1, =1,1 = | and
remaining #;; = 0. Then both A+ €T and B+ €T are irreducible nonnegative matrices for any positive
real number &. Substituting A + €T and B+ €T for A and B, respectively, in the first case and letting

€ — 0, the result follows by continuity.

O
The upper bound in Theorem [3.3]|can be improved in the following theorem.
Theorem 3.4. Let A and B be block H-matrices, then
1
p(ADB) < ?%XQ{HAHHIB[:'H + 1Az 1Bl + [Aal1Ball — I14,511B1)>
e =11 =L =111y —1711/2

Az I 0B g B (3.6)
Proof. Since A and B be block H-matrices, we have positive numbers u,...,u, and vi,...,v, that

satisfies (3.4) and (3.5). Consider A and B and let U and V be positive diagonal matrices such that

U = diag(ui,ua,...,u,) and V = diag(vi,va,...,v,). Then, define A = U'AU and B = V~'BV such

that
[L5][JAnl 2 lAnll - ZlAl [L5][[Butll - 2Bl - 2Bl
P Al lAnll - ZE Ay 5 SBall ABall o EIByll
wllApll G lApll - (A wlBprll 2 Bpll -+ [1Bppll-

Note that by Lemma [2.6, we have Ao B = (U~'AU) o (V-'BV) = (VU)~ (Ao B)(VU). Then by (3.2)
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and Lemma

p(AOB) < p(AcB)=p(AoB)

2
< s {1 0Bl 14501851+ [ (1 U3l 1451181

Al [1Ballvi o 1A el 1Belve] "
4y, )

kEi u; Vi kEj uj Vj

2
< {1l 13l + 111851+ [(HA,-,-HIIBuH—IIAjoHBjjII)

lAwllur o |Ballve o lAllux o [1Bjllve]’
cay Wy Bl g Wnl g 16

ez Wi gz Viookzy Wi k)

2
< m o (Al + 145511851+ [ a3l ~ s 1851)

L 1/2
S v [ e 7 3

Remark 3.1. The upper bound in (3.6) is sharper than the bound in (3.3) . Without loss of generality,

for i = j, assume that
A 1Biall + 1AG 1B I = 1A 1B+ AT I 1B
Then

A | |Biill + A 111B il + (AN 1 Biill — 1A 51111Bj511)?

+AllAG B A B
< AallllBitll + 1A 11B 1+ [(lAaN 1 Biill — 14511 1B511)

A B (A lIBal + 14 B3 1 = A B1)]
— Aall1Ball + 14,5 11B5511 + [(1Aall1Ball = 1A, 1B+ 2045 1 185 )]

= 2(llAull1Ball + 1Az 171185 I7).-
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Next upper bound for the spectral radius of block Hadamard product improves the bound in for

block strictly diagonally dominant matrices.

Theorem 3.5. Let A and B be block H-matrices. Then

p(ADB) < min{m;lx {HAuH”Bu” + 1A 1By + [(”Aii”HBiiH - HAjoHBjo)Z
. 1-1 1—-171/2
+4au0] B THIB T (3.7)
max 5 {III‘LLIIIIBHII+HA/J||||B’JJH+[(IlAiillHBﬂH*HAJjIIHBjo)2

1/2
+4BBi 1Az 17 14171 2} ),
where o = max;; |Ay|| and B; = max;; || Bi|.

Proof. We first show the first inequality, the second follows in a similar way. Since B is block H-matrix,
there exists positive numbers vy, ..., v, such that V = diag(vy,...,v,) is positive and B=V~1BV is block
strictly diagonally dominant where B = (||B;;||). Let A = (||A;;||). Here we note that Ao (V~1BV) =

V~1(A0B)V by Lemma[2.6| Then, by (3.2) and Lemmal2.5| we get,
p(AOB) < p(AoB) =p(AoB)
I 2
< T?QJX{HAuHHBuH +11411B1 + | (lAallllBall — 114,51111B5;11)

B |vi IBlvi ]
+4Y Al ——= Y A==
Iti Vi vi ]

[ 2
< {18l + 141181+ WAMW&M 1457118551)

|B kHvk IBje|lvic]"
+4maXHA > lv HA] 1y ———

ki Vi ktj Vi
2
<max3 {HAUHHBZZH+”AJJ||||BJJ”+[(HAiiHHBiiH_HAjoHBjj”)

1/2
+ a0 B 7187171

where o; = max [|Aj/|. O
ki
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Remark 3.2. In (3.7), if additionally A and B are block strictly diagonally dominant matrices, the
bound in is sharper than the one in since o; = maxyz [|Au|| < LisillAul < |A;"] 7" and
Bi = maxs; || Bie|l < Lz |Biell < 1B

Remark 3.3. If only one of the matrices A and B is block H-matrix, for instance A is block H-matrix,

then

1
p(AOB) <I?£jX§{||AiillHBiiH + 1A 1B+ [(1|Aall||Bill = A 111IB;;1)?
1 — “1n—111/2
+4BBllAT I Az 17 2

Lastly, we shall give an upper bound for the spectral radius of block Hadamard product of a class of

positive definite matrices. Here, we shall use the notation |A| > |B| when |a;;| > |b;;| for all , j.

Definition 3.1. A block matrix A is said to be block diagonally dominant of its block column entries (or
block row entries) if

|Ail > |Aji|  (or |Ai| > |Ai])

foreachi=1,...,p and all j #i. Similarly, A is said to be block diagonally subdominant of its block

column (or row) entries if the inequalities are reversed.

Lemma 3.6. Let A and B be block matrices and D and E are block diagonal matrices. Then, if
i) A block commutes with D, D(ATOB)E = AO(DBE),

ii) B block commutes with E, D(ATB)E = (DAE)OB.

Theorem 3.7. Let A, B be nonnegative positive semidefinite matrices. If there exists positive block di-

agonal matrix D such that

(1) DBD ! is block diagonally dominant of its block column entries and D block commutes with
either A or B, then

p(ADB) < p(A)maxp(B;).
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(2) IfDBD ! is block diagonally subdominant of its block column entries and D block commutes with

either A or B, then

p(A)minp(Bi;) < p(ACB).

Proof. First note that p(AOB) = p(AC(DBD!)) by Lemma Moreover, the diagonal blocks of B

and DBD ! are the same. We may assume that B is block diagonally dominant of its column entries

since DBD ! is so. Then,

[1.2JA11Bi1 AiBia -+ A1pBip [1.2JA11Bi1 AinBx -+ AipBy,
A21By; AnBy -+ AypB), AyBiy AnBxn - AgpByp
Ap1Bp1 ApZBPZ Appop AplBll Ap2322 Appop
(1.2JA11Bi A2Bie -+ A1pBik

AnBye  AnBu -+ AxpBu

ApiBue  ApBu -+ AppBuk

where By, > Bj; for all i. In other words,

AOB < Adiag(Bll,. .. aBpp) < Adiag(Bkk,. .. aBkk)-

This implies that

p(AOB) < p(Adiag(B11,...,Byp)) < p(A)p(Bu),

where the last inequality follows from the submultiplicative property of spectral radius of positive semidef-
inite matrices.
The proof related to block diagonal dominance of block row entries and the second part of the theorem

follows similarly. O
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4 Examples

In this section, we shall give three examples that compares upper bounds obtained throughout the paper.
First two examples demonstrates that upper bound in Theorem [3.4] might be better than the one in The-
orem or vice versa. On the other hand, the upper bound in Theorem is more accurate than the

others in some cases for matrices that are block diagonally dominant of its column entries.

Example 4.1. Let A and B be block H-matrices such that

13 0 1 1 0 i 0 0

2 1 11 12 11
A= . B=

11 2 2 11 12

2 1 301 0 1 (I

With respect to eo-norm, we have

b

4 2 - 3 2
3 4 2 3
and their spectral radii are p(A) = 6.4495 and p(B) = 5. Inverses of block diagonal entries of block

matrices are

Then we have p(AOB) = 12.2661, and p(A)p(B) = 20.778 for which p(A) = 5.6909 and p(B) =
3.6511. According to inequalities given in Theorems [3.213.5} respectively, we have p(AOB) < 16.899,

p(AOB) < 13.25, p(ADB) < 12.5774, and p(ADB) < 13.4142.
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Example 4.2. Let A and B be H-matrices such that

2 -1 : 5 0 2 0 ¢ .125 .125

-1 2 1 25 25 11 0 25
A= . B=

5 0 1 2 -1 125 125 1 20

25 25 1 —1 2 0 25 ¢ 1 1

Then p(A) = 3.25, p(B) =2.25, p(AOB) = 3.0312 and p(A)p(B) = 7.3125. With respect to eo-norm,

35 - 2 25
= 5 B = 5
<.5 3) (.25 2 )

and their spectral radii are p(A) = 3.5 and p(B) = 2.25. Inverses of block diagonal entries of block

we have

2y

matrices are
Al anl 6667 .3333 Bl _pl_ S50
22 3333 6667/ M T2 \—5 1)

With respect to the inequalities given in Theorems [3.2}3.5] we have, respectively, p(AOB) < 6.125,

p(AOB) < 6.6667, p(ADIB) < 6.6667, and p(ACIB) < 6.5.

Example 4.3. Let matrices A and B be block diagonally dominant of its column entries such that

3 1 0 O 2 1 1 0

1 2 0 1 1 1 0 1
A: y B:

0 0 2 2 I 0 1 1
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Then p(A) = 4.8422, p(B) = 3.5616, p(AUB) = 11.949 and p(A)p(B) = 17.246. With respect to oo-

- 4 1 _ 31
A= ) B= 3
<1 5) (1 3)

and their spectral radii are p(A) = 5.618 and p(B) = 4. Inverses of block diagonal entries of block ma-

norm, we have

trices are

Then we have p(AOB) < 15.3028, p(AOB) < 15.1333, p(AOB) < 15.0184, and p(ACB) < 15.0366
according to Theorems [3.2H3.5] respectively.. With respect to Theorem p(AOB) < p(A)p(B11) =

12.6769 where p(Bll) = p(Bzz) =2.618.
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