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Abstract A seventh degree rule involving a set of twenty nodes has been con-
structed for the numerical approximation of an integral of analytic function of
two complex variables. The truncation error associated with the approxima-

tion has been analysed and estimate of the error has been obtained.
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1. INTRODUCTION

Birkoff and Young(2), Lether(4), Tosic(7) and Senapati et al(6) have con-
structed quadrature rules for the numerical approximation of one dimensional

integral of an analytic function which is given by the following equation.

J(6) = / 6(2)dz (1)

where ¢(z) is an analytic function and is a directed line segment from the

point zg — h to zp + h lying inside the domain of analyticity of the function.
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It is a well-known that the numerical treatment of functions of several com-
plex variables is always a challenging problem. Some research work conducted
for the numerical approximation of double integral of analytic function of two

complex variables, given by

1(f) = /L [ re gz (2)

where L and Lo are directed line segments from zy — hy to 29 + h; and
Co — ha to (o + ha respectively, are due to Das et al(3), Acharya and Das(1)
and Milovanovic et al(5).

Our object in the present paper is to generate a quadrature rule meant for

the numerical approximation of the double integral I(f) given by equation (2).

2. FORMULATION OF THE QUADRATURE RULE

The four point Gauss-Legendre rule of degree seven meant for the numerical

evaluation of the integral of g(x) over [-1,1] is given by

Rigr =AY g(+p)g(+q) (3)

where the coefficients and nodes are as follows

1 1
. <15+\/12O>2 . (15—\/12())2

35 35
1— 3¢ 2 -1
3p2 — 3¢ 3p2 — 3¢

Following the method suggested by Lether (2), the transformed four point
seventh degree rule meant for the integral J(¢) is given by the following equa-

tion.

Ri(¢) = Ah{é(20 + ph) + ¢(20 — ph)} + Bh{d(20 + ph) + ¢(z0 — ph). (5)
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Similarly, the quadrature rule of degree seven given by Tosic(3) meant for

the integral J(¢) is given by the following equation
Ry(¢) = A'h(z0) + B'h{o(z0 + sh) + d(z0 — sh)}

+C h{d(20 + ish) + ¢(z0 — ish) (6)

where

1
16, 16 (7 7 N 7 3\1
A_15’B_15<5+\/;)’C_6<5+\/;>’S_<7>' “

For construction of the quadrature rule for the double integral I (f), we con-

sider the following set of nodes which is a Cartesian product set
S = {ZO ﬂ:phl,Zoﬂ:th} X {Co,{oﬂ:Shg,C@ﬂ:iShQ}. (8)

Let the quadrature rule meant for the double integral I(f) with the set of

nodes S be prescribed as follows.
Q(f) =W Z f (20 £ pha, Co) + Wa Z f (20 £ gha, Co)
+ W3 Y f (20 £ ph, o & sha) + Wa Y f (20 + gha, Go + sho)

+W5 > f (20 % pha, o £ ishg) + W5 > f (20 % qha, o £ishg)  (9)
where p,g and s are given by equations (4) and (7) . The rule Q(f) being
symmetric is exact i.e. I(f) = Q(f) whenever f(z,() is a monomial 2", (™zn
m if at least one of n and m is an odd integer. To determine the coefficients
W3 in the rule Q(f) we make the rule exact for monomials 2", (™ where
(n,m) = (0,0), (2,0),(0,2),(4,0),(0,4) and (2,2). Then we get the following

system of linear equations :

W1+ Wa + 2Ws + 2Wy + 2Ws5 + 2Ws = 2h1hy )
Wip? + Wag? + 2Wap? + 2Wyq? + 2Wsp? + 2Wsq® = 2h1hy/3
W382 + W482 — W582 — W682 = h1h2/3
Wip* + Wag* + 2Wap* + 2Wyq* 4 2Wisp* + 2Weq* = 2h1ho /5
W3$4 + W4S4 + W5S4 + W684 = h1h2/5
W3sp? + Wys?q? — Wis?p? — Wes?q? = hiha/9
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Solving the above system of equations we get the following values :

W1 = 0.371045168146617H, W5 = 0.695621498520049 H
W3 = 0.169725639348713H, W4 = 0.318195232593278 H (11)
W5 = —0.007393378284568 H, Ws = —0.013860826990757H

Where H = hihs.
Theorem 1. The rule Q(f) (given by equations (9) and (11)) has degree of
precision seven.
Proof : It is obvious that the rule Q(f) has degree of precision at least five
in view of the system of equations (10). Setting f(z,{) = z"¢™ in I(f) —
Q(f) ,the value of the expression I(f) — Q(f) is equal to zero for (n,m) =
(6,0),(4,2).(2,4) and (0, 6) if W;’s are as prescribed in equation (11). Further
setting (n,m) = (0,8) it is noted that

I(f) — Q(f) = 0.101587301587302H (12)

which is not equal to zero. This implies that the degree of precision of the

rule Q(f) meant for the double integral I(f) is seven.

3. ANALYSIS OF TRUNCATION ERROR

The truncation error associated with the rule Q(f) meant for the numerical

evaluation of the double integral I(f) is given by

E(f) =1(f) = Q) (13)

Let the function f be analytic in the product domain € x 9 where €1,
are discs in the complex plane C' centered at zg and (p of radii p; and ps
respectively such that p; > |hi| and pa > |ha| . The Taylor series expansion
of the function about the point (zg,(p) is given by
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o0

1e0=Y 2 (Goag + €@ ) MG Q1

n=0
where the partial derivatives have been evaluated at (z9(p). Using the
expansion given by equation (14) in equation (13) and considering the leading
term we have in view of theorem 1 the following.
Theorem 2. The truncation error associated with the quadrature rule Q(f)
satisfies the approzimate equality : E(f) ~ hihg {K1h3 310 + Koh§ fO+8} /8!

m—+n

where f™T™ denotes the (m~+n)th partial derivative gzmilcfl evaluated at (zo, (o)

and K7 = 0.23219954648526 ,K9 = 0.101587301587302 .
corollary : Assuming hy = hy = h we have |E(f)| = O(|h|*?).
4. NUMERICAL EXPERIMENTS

For performing the numerical experiment we consider the following two

integrals:

Ji :/L2 /Ll sin(z+C)dzd<,J2=/L4 /Ls exp(z + ¢)dzd( (15)

where Ly, Lo, L3, Ly are directed line segments from 1 + ¢ to
241

Jfrom (1 + 34)/2 to (3 +14)/2, from i/2 to ¢ and from i/2 to i/2 respectively.
The exact values, computed approximate values and the absolute errors have

been presented in the table appended below.

TABLE 1
Integral Exat value Approximation |Error|
Ji —0.213886115280338 | -0.213886091731078 | 1.9 x 10~ 7

-4.986937883574649i | -4.986937685841362i
Jo -0.569621807385846 | -0.569621805896171 | 1.8 x 10~
-0.410973271278006i | -0.4109732702032281
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It is noteworthy that the error reduces if |h1| and |hg| are assigned smaller

values. The rule yields computed value correct upto at least seven decimal

places.
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